Introduction
Let F be a field of characteristic p. If H is a locally profinite group, let C F (H) be the category of smooth representations of G over F.
Definition 1.1. Let V be a smooth F-representation of a locally profinite group H with centre Z. Then V is:
(1) finitely generated if for some compact open subgroup K of H there is a surjection ind Let F be a local field of characteristic 0 with ring of integers O F and residue field k of characteristic p and let G = GL 2 (F ). The purpose of this note is to prove: Theorem 1.2. The category of finitely presented smooth F-representations of G is an abelian subcategory of C F (G). This is Corollary 4.3 below. In fact, we prove the same result with F replaced by any finite dimensional division algebra over Q p . We also work with coefficients in a general complete local noetherian W (F)-algebra with residue field F, referring to [Eme10] for the definitions and basic properties of smooth representations over such rings.
The theorem is equivalent to the statement that the kernel 1 of any map between finitely presented smooth representations is itself finitely presented. If C F (G) were the category of modules over a ring R, this would be the statement that R is a coherent ring. Indeed, we will prove the theorem by considering smooth F-representations as modules over the amalgamated product
where
for π a uniformising element of D and I = K ∩ K ′ . Then a result ofÅberg [Å82] shows that, under certain conditions, an amalgamated product of coherent rings over a noetherian ring is itself coherent. 
This leads to studying the category generated by such compact inductions.
Finitely presented representations were previous studied by Hu ( [Hu12] ), Vigneras ( [Vig11] ), and Schraen ( [Sch15] ). In particular, [Vig11] Theorem 6 shows that a smooth admissible finitely presented representation of GL 2 (F ) has finite length, and that all of its subquotients are also admissible and finitely presented. On the other hand, the main result of [Sch15] says that, if F is a quadratic extension of Q p , then an irreducible supersingular representation of GL 2 (F ) admitting a central character is never finitely presented, and so there are a great many representations to which our result does not apply! I do not know whether Theorem 1.2 holds when G = GL n (F ) (or any p-adic Lie group), or in the case when F has positive characteristic. The methods of this paper do not apply in either case -in the former because G is not (up to centre) an amalgam of two compact open subgroups, and in the latter because then GL 2 (O F ) is not p-adic analytic, and its completed group ring is not noetherian.
I am grateful to Matthew Emerton for asking me the question that this paper answers, and for several helpful and motivational conversations.
Smooth representations.
For the rest of this article, let F be a finite field of characteristic p and let A be a complete local noetherian W (F)-algebra with maximal ideal m and residue field F. Let H be a locally profinite group with centre Z. 
The category of smooth A-representations of H is denoted C A (H).
In other words,
and the action is continuous for the discrete topology on V .
In the introduction (Definition 1.1) we gave the definition of a finitely presented smooth F-representation of H. Here is the definition with coefficients. If Z is compact then we may replace KZ by K in Definition 1.1.
Amalgamated products of completed group rings.
If K is a profinite group, let
be the completed group ring, a compact topological A-algebra that is augmented :
Let K 1 , K 2 and I be profinite groups equipped with inclusions f i :
Definition 3.1. In the above situation, let H = K 1 ⋆ I K 2 . Define the ring A H as the amalgamated product
Remark 3.2. If K i and I are finite, then A H is simply the group ring of H over A. This is because the functor G → A[G] from groups to A-algebras is a left-adjoint, and so commutes with the colimit * .
We explain the relation of A H to the category of smooth representations of H. First, we describe the topology on H. By [Ser77] , Théorème 1, the natural map I → H is injective. Next we relate the notions of finitely generated/presented smooth representations of H to finitely generated/presented A H -modules. Note first that the centre of H is compact, being a closed subgroup of I, and so remark 2.3 applies.
Lemma 3.6. Suppose that V is a smooth A-representation of H. Then the following are equivalent:
(1) V is finitely generated.
is finitely generated as an F H -module.
Proof. We can assume that A = F, by definition 2.2. Firstly, (1) implies (2). For this it suffices to show that, if K ⊂ H is compact open and W is a finite-dimensional smooth representation of K, then ind H K W is finitely generated as an F[H]-module. This is true, as it is generated by the (finitedimensional) subspace of functions supported on K.
Clearly (2) implies (3). To see that (3) implies (1), let V be a smooth F-representation of H that is finitely generated as a A H -module. Let v 1 , . . . , v n be a set of generators. For any v ∈ V , we can write v = 
It is not true that a finitely presented smooth F-representation of H will be finitely presented as an F[H]-module; this is already false for the representation ind H K F, as long as K is infinitely generated. If, however, H (or equivalently, any compact open subgroup of H) is a p-adic analytic group, then we have the following result of Lazard (see [Eme10] Theorem 2.1.1 for the statement with coefficients).
Theorem 3.7. If H is a p-adic analytic group, then A[[K]] is noetherian for every compact open subgroup K of H.

Lemma 3.8. Suppose that H is a p-adic analytic group. Let V be a smooth Arepresentation of H. Then V is finitely presented if and only if V [m] is finitely presented as an F H -module.
Proof. We may suppose that A = F, by definition 2.2.
The backwards implication follows from Lemma 3.6. Suppose that V [m] is finitely presented as an F H -module. Then it is finitely generated as an F-representation of H by Lemma 3.6, and so there is a surjection 2 Therefore it is finitely generated as an F-representation of H, by Lemma 3.6.
Suppose now that V is finitely presented. We first reduce to the case V = ind 
K W 2 → 0 and so, by the same argument again, we may assume that V = (ind
n . Shrinking K ′ further if necessary, we see that it suffices to prove that ind H K F is finitely generated whenever K is an open subgroup of I.
The natural map F[H] ։ F[H/K] extends to a map F H ։ F[H/K] with kernel
J for some left ideal J of F H . We have to show that J is finitely generated. Claim: The ideal J is the left ideal of F H generated by the set
Granted the claim, we see that J is generated over F H by the ideal J 0 of
] is noetherian by Theorem 3.7, and so J 0 is finitely generated, and so J is finitely generated as required. 
The first map is a surjection, as above, and the composite is an isomorphism, and so both maps are isomorphisms. It follows that J = F H · J as required.
3.1. Coherence. Recall that a ring R is coherent if any of the following equivalent definitions hold:
(1) every finitely generated left ideal of R is finitely presented; (2) if f : M → N is a map of finitely presented left R-modules, then ker(f ) is finitely presented; (3) the category of finitely presented left R-modules is an abelian of the category of left R-modules. Proof. This immediately follows from [Å82] Theorem 12; the hypotheses of that theorem are satisfied by Lemma 3.9. For the convenience of the reader, we summarise the argument of [Å82] in the case of interest to us. It uses the characterisation of left coherent rings as those for which arbitrary products of right flat modules are flat. Let R, S and T be rings such that S and T are R-algebras, and Q = S * R T is flat as a right R, S or T -module; we will take
Then there is a Mayer-Vietoris sequence for Tor Q in terms of Tor S , Tor R and Tor T . If R is left noetherian and S and T are left coherent, then take a set (F i ) i∈I of right flat Q-modules and compare the Mayer-Vietoris sequence for Tor( F i , M ) with the product of those for Tor(F i , M ), for an arbitrary left Qmodule M . Using that S and T are left coherent and that, as R is left noetherian and the F i are right flat R-modules, ( Proof. It suffices to show that the kernel or cokernel of map of finitely-presented smooth A-representations of H is also a finitely-presented smooth A-representation. This is straightforward for cokernels, and does not require the ring A H . For kernels, suppose that f : V → W is a map of finitely-presented smooth A-representations of H. Then ker(f ) is a smooth A-representation of H, and by Lemma 3.8 and Corollary 3.11 it is finitely presented as a left A H -module. By Lemma 3.8 again, it is a finitely-presented A-representation of H.
Applications.
Let F be a local field of characteristic 0 with ring of integers O F and residue field k of characteristic p, and let D be a division algebra over F with ring of integers O D . Choose a uniformiser π of D. Let G = GL 2 (D) and let G ′ = SL 2 (D) be the subgroup of elements of reduced norm 1. Let K 1 = GL 2 (O D ) and let In particular we have:
Corollary 4.3. The category of finitely presented smooth A-representations of GL 2 (F ) is an abelian subcategory of C A (GL 2 (F )).
